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dienes (a), a surprisingly large five-bond coupling origi­
nates from the FC term through the transitions from 
the F • • • F antibonding <r orbitals to the corresponding 
bonding ones. From a valence-bond consideration, 
this kind of long-range coupling mechanism, called a 
"fragment coupling" mechanism here, is expected to 
appear generally in the X-Y coupling in X C = C C = C Y 
and XCCCY, if the fragment X-Y in the above con­
figuration is stable. 

A more detailed examination of the angular depen-

Ion-exchange equilibria have been extensively studied 
in recent years2a with numerous methods proposed 

for the interpretation of observed ion-exchange selec­
tivity values. 2b~16 The Donnan membrane model of 
the ion-exchange process has been found to be par­
ticularly useful for this purpose. Thermodynamic ex­
pressions obtained from this model lead to the relation­
ship12 

RTIn KA = Tr(Z2F1 - Z1F2) (la) 

where KA is the activity product ratio at equilibrium for 

(1) (a) Presented in part at The Symposium on the Physical and 
Colloid Chemistry of Ion Exchangers, during the 160th National 
Meeting of the American Chemical Society, Chicago, IU., Sept 1970. 
(b) Visiting Professor, Chemistry Department, McGiIl University, 
1970-1971, Montreal, Quebec, Canada. 

(2) (a) J. A. Marinsky, Ed., "Ion Exchange," Vol. 1, Marcel Dekker, 
New York, N. Y., 1966; (b) F. H. Helfferich, "Ion Exchange," McGraw-
Hill, New York, N. Y., 1962. 

(3) H. P. Gregor, / . Amer. Chem. Soc, 70, 1293 (1948). 
(4) H. P. Gregor, ibid., 73, 642 (1951). 
(5) E. Ekedahl, E. Hbgfeldt, and L. G. Sillen, Acta CMm. Scand., 4, 

556 (1950). 
(6) E. Hbgfeldt, E. Ekedahl, and L. G. Sillen, ibid., 4, 828 (1950). 
(7) O. D. Bonner, W. J. Argersinger, Jr., and A. W. Davidson, J. 

Amer. Chem. Soc, 74, 1044 (1952). 
(8) E. Glueckauf, Proc. Roy. Soc, Ser. A, 214, 207 (1952). 
(9) J. F. Duncan, Aust. J. Chem., 8, 293 (1955). 
(10) B. Soldano and D. Chesnut, / . Amer. Chem. Soc, 77, 1334 

(1955). 
(11) B. Soldano, Q. V. Larson, and G. E. Myers, ibid., 77,1339 (1955). 
(12) G. E. Myers and G. E. Boyd, J. Phys. Chem., 60, 521 (1956). 
(13) G. E. Boyd, S. Lindenbaum, and G. E. Myers, ibid., 65, 577 

(1961). 
(14) J. Feitelson, ibid., 66, 1295 (1962). 
(15) J. A. Marinsky, ibid., 71, 1572 (1967). 

dence of F-F couplings would be of value and is one of 
the problems left unanswered in this paper. Fur­
ther investigation in this respect has been completed 
and the results will be published subsequently. 

Acknowledgments. We wish to thank Dr. I. Mori-
shima for helpful discussions and Dr. Charles F. Ham­
mer for many helpful comments reading the manu­
script. We also express our appreciation to the Com­
putation Center of Kyoto University for generous use of 
the FACOM 230-60 computer. 

the ion-exchange reaction, TT is the swelling pressure 
of the resin, F1 and F2 are the partial molal volumes of 
the exchanging ions within the resin phase, and Z1 and 
Z2 are the charges on ions 1 and 2, respectively. For a 
symmetrical ion-exchange reaction eq 1 can be written 

RT In KA = T r ( F i - F2) (lb) 

The ion-exchange reaction that occurs in the resin 
and solution phases when a trace divalent ion, M1

2+, 
exchanges with a divalent ion, M2

2+, may be expressed 
as 

[M(ClO4W1 + [M(ClO4, PSS)2], ^ 

[M(ClO41PSS)2]! + [M(ClOOJ. (2) 

where 

[ W + ] = [ClO4-] + [PSS-] s PSS= 

neglecting trace metal ion concentration since [PSS-] » 
[ClO4-]. Species within a squared bracket represent 
molal concentration. The bar over a symbol refers 
to the resin phase. The selectivity terms, distribution 
coefficient, KD, selectivity coefficient, KBX, and modified 
selectivity coefficient, KAC, that are used to express the 
data are defined as 

KD = [M1^MM1
2+] (3) 

£EX = [M1
2+][M2

2+]/[M2
2+]-[M2

2+] (4) 
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Abstract: A thermodynamic calculation of the modified selectivity coefficient, KAC, has been made employing the 
Gibbs-Donnan equation for the exchange of several trace divalent ions and trace sodium ion with macro divalent 
ion in cross-linked polystyrenesulfonate ion-exchange resins. Evaluation of activity coefficient ratios of the 
exchanging ions in the resin phase was accomplished using the Gibbs-Duhem equation and osmotic coefficients of 
polystyrenesulfonates. The osmotic free energy of the exchange reaction was estimated using polystyrenesulfonate 
osmotic coefficients and ionic partial molal volumes. Calculated modified selectivity coefficients for divalent-
divalent ion exchange in general agree with experimentally determined values. Significant discrepancies were 
found between calculated and experimental selectivities for trace sodium-divalent ion exchange at high resin-phase 
concentrations. The theoretical treatment of polyelectrolytes by Manning has been used to explain this result. 
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[M1
2+] [M22+] 7 ±

 3M2(ClOQ2 _ y_2 

[Mi2+] [ M ^ ] Ti3M1(ClOO2
 A A f i ( ) 

with all anion concentrations cancelling and 7 repre­
senting the mean molal activity coefficient of the trace 
and macro salts in the two phases. 

Equation lb may be expanded with eq 4 and 5 to 
yield 

*EX = I ^ expC-Trffx - V2]/RT) (6) 

for divalent-divalent ion exchange. 
In the ion-exchange resin phase the term f±2cio4-

(M(C104)2)2/7± 2CiO1(M(ClOO2)I is common to both 
components and cancels. Since in the experimental 
program PSS- » ClO4

-, the effect of ClO4
- on the 

chemical potential of the polyelectrolyte is negligible. 
The deviation from ideal behavior of the exchanging 
cations is then related to their single ion activity coef­
ficients by the ratio of the mean molal activity coef­
ficients of the pure components because 

( 7 M Z 7 P ) 1 / ( Z + 1 ) = (7M)*<*+ 1 )(7F) I / Z = 7± 

and 

7 ± ~ 7M 

(subscripts M and P refer to counterion and polyanion, 
respectively) since Z, the degree of polymerization, is 
much greater than unity. 

Solution-phase activity coefficients, solution-resin 
phase osmotic pressure differences, and resin-phase 
partial ionic molal volume differences appearing in eq 6 
can be estimated from published data.16 To predict 
and interpret ion-exchange selectivity coefficients, it is 
necessary to have a measure of the ionic activity coef­
ficients in the ion-exchange resin phase. In the most 
successful application of eq 1 to ion-exchange selec­
tivity phenomena, ion-exchange resin-phase activity 
coefficient ratios were evaluated by employing the 
Gibbs-Duhem equation with osmotic coefficients of 
low cross-linked ion-exchange resins, enabling predic­
tion of ion-exchange selectivity in a number of mono­
valent systems.1213 This approach is limited by the 
unavailability of osmotic data at low concentrations. 

Polyelectrolyte analogs of ion-exchange resins have 
been proposed as model systems for the thermodynamic 
analysis of cross-linked ion-exchange resin behavior.16 

If the polyelectrolyte analog does indeed provide a 
valid model for transcending their properties to those of 
the cross-linked exchanger, osmotic coefficient data ob­
tained with them and used in the Gibbs-Duhem equa­
tion should allow precise calculation of ion-exchange 
resin phase activity coefficients. This approach to the 
calculation of resin-phase activity coefficients has been 
successfully tested.17-19 Recently precise measure­
ments of the osmotic coefficients of polystyrenesul-
fonic acid and its salts (the polyelectrolyte analog of 
Dowex-50 ion-exchange resin) have been reported.1718 

These results enabled calculation of ion-exchange resin-
phase activity coefficient ratios for a number of ions. 

(16) J. A. Marinsky in "Ion Exchange," J. A. Marinsky, Ed., Vol. 1, 
Marcel Dekker, New York, N. Y., 1966, Chapter 9. 

(17) M. Reddy and J. A. Marinsky, J. Phys. Chem., 74, 3884 (1970). 
(18) M. Reddy, J. A. Marinsky, and A. Sarkar, ibid., 74, 3891 (1970). 
(19) M. M. Reddy and J. A. Marinsky, / . Macromol. Sci., Phys., 51, 

135(1971). 

By using the Gibbs-Duhem equation 

(d 0/d In m) + {<t> - 1) = (d In 7/d In m) (J) 

in the integrated form 

In 7±/T±ref = 4> - <£ref + I (</> - 1) d In m (8) 

mean activity coefficients relative to a reference state 
were computed.19 This permitted calculation of ion-
exchange selectivity coefficients for several hydrogen-
divalent ion-exchange reactions in good agreement 
with experimental values.19 

In this paper the utility of this approach has been 
tested further. For this purpose ion-exchange resin-
phase activity coefficient ratios were calculated from 
polyelectrolyte osmotic coefficient data by employing 
eq 8; the ion-exchange selectivity coefficient for several 
divalent-divalent and divalent-sodium ion exchange 
reactions using eq 6 and available polyelectrolyte data 
were computed and comparisons of the calculated coef­
ficients with values arrived at experimentally were made. 
Experimental and calculated ion-exchange selectivity 
coefficients were determined for distributions of trace 
Ca2+, Sr2+, Co2+, Cd2+, and Na+ ions between dilute 
aqueous divalent perchlorate solutions and a series of 
cross-linked (with divinylbenzene) polystyrenesulfonate 
ion-exchange resins in several divalent forms. 

Experimental Section 
Materials. Distilled, deionized water was used in all experi­

ments. Reagent grade divalent metal perchlorate salts (purchased 
from the G. F. Smith Co., Columbus, Ohio) and Dowex-50 Bio-Rad 
AG cation exchange resins with 1-16% divinylbenzene cross linking 
(purchased from the Bio-Rad Laboratories, Richmond, California) 
were employed in all selectivity measurements. Trace metal ion 
concentrations were monitored using radionuclides purchased from 
Nuclear Science and Engineering Co., Pittsburgh, Pa., and the Oak 
Ridge National Laboratory, Oak Ridge, Tenn. 7 activity measure­
ments were carried out for solutions containing 22Na and 60Co 
radioisotopes with a Packard automatic 7 counter. Assays of solu­
tions containing 45Ca, 90Sr, and 109Cd radionuclides were made with 
a liquid scintillation counting procedure,20 the measurements being 
determined with a Packard tricarb liquid scintillation spectrometer. 
Reagent grade toluene and Packard scintillation grade PPO, POPOP, 
and Triton-X were used to prepare the liquid scintillation solution. 

Procedure. Ion-exchange resin equivalent capacity was mea­
sured using an isotope dilution method. Ion-exchange resin-phase 
equilibrium water contents were determined using a centrifugation 
procedure.21 Resin-phase concentrations were expressed on a 
molal basis. Table I contains the resin-phase parameters deter­
mined for the resin ionic forms at the various cross linkings em­
ployed in this study. Batch distribution experiments were used to 
obtain the experimental ion-exchange selectivity coefficients.22'23 

Ionic distribution experiments were carried out for 3 days with ion-
exchange resin and labeled solution in sealed polyethylene bottles 
placed on a shaking platform maintained at 25°. At equilibrium 
the solution was separated from the resin-solution mixture using a 
Millipore filter with accurately measured aliquot portions of the 
filtered solution then being placed into vials for activity measure­
ment. 

Results 

Tables H-V present experimental distribution, selec­
tivity, and modified selectivity coefficients for several 
trace ions with zinc, cadmium, calcium, and strontium 

(20) M. S. Patterson and R. C. Greene, Anal. Chem., 37, 854 (1965). 
(21) G. Scatchard and N. J. Anderson, /. Phys. Chem., 65, 1536 

(1961). 
(22) J. D. Cosgrove and J. D. H. Strickland, /. Chem. Soc, 1845 

(1950). 
(23) L. W. Holm, R. G. Choppin, and D. Moy, J. Inorg. Nucl. Chem., 

19, 251 (1961). 
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Table I. Ion-Exchange Resin Parameters 

(1) Calcium Form Ion-Exchange Resin 
%DVB 1 2 4 8 12 16 
Ca2+(mm)/dry CaR (g) 2.45 2.29 2.27 2.19 2.15 2.07 
H2O (g)/dry CaR (g) 2.04 1.45 1.03 0.716 0.570 0.542 
Resin molality 1.20 1.57 2.20 3.05 3.77 3.81 

(2) Strontium Form Ion-Exchange Resin 
% DVB 1 2 4 8 12 16 
Sr2+ (mm)/dry SrR (g) 2.33 2.112.07 2.04 1.98 1.97 
H2O (g)/dry SrR (g) 1.57 1.20 0.891 0.638 0.482 0.448 
Resin molality 1.42 1.76 2.32 3.20 4.11 4.40 

(3) Zinc Form Ion-Exchange Resin 
% DVB 1 2 4 8 12 16 
Zn2+ (mm)/dry ZnR (g) 2.37 2.25 2.21 2.11 2.08 2.00 
H2O (g)/dry ZnR (g) 2.36 1.64 1.16 0.820 0.645 0.599 
Resin molality 1.00 1.37 1.91 2.58 3.23 3.35 

(4) Cadmium Form Ion-Exchange Resin 
% DVB 1 2 4 8 12 16 
Cd2+ (mm)/dry CdR (g) 2.14 1.99 1.96 1.95 1.94 1.86 
H2O (g)/dry CdR (g) 2.09 1.43 1.03 0.686 0.586 0.531 
Resin molality 1.02 1.39 1.90 2.84 3.31 3.50 

Table II. Selectivity Terms for Trace Na +, Co2 +, Cd2 +, and Sr2 + 
Exchange with Calcium Form Ion-Exchange Resin in 0.1000 m 
Calcium Perchlorate 

% DVB 
1 2 4 8 12 16 

KD Na-* 
Co 2 + 

Cd2 + 

Sr2+ 

KKX Na + 

Co 2 + 

Cd2 + 

Sr2+ 

*AC Na + 

Co 2 + 

Cd2 + 

Sr2+ 

2.43 
9.02 
9.12 

18.7 
0.491 
0.751 
0.764 
1.56 
0.352 
0.668 
0.720 
1.83 

2.76 
11.3 
11.5 
28.2 

0.482 
0.71.5 
0.728 
1.78 
0.345 
0.636 
0.687 
2.09 

3.06 
13.8 
13.7 
37.8 
0.424 
0.626 
0.621 
1.72 
0.304 
0.557 
0.586 
2.02 

3.60 
15.9 
17.2 
56.5 

0.423 
0.519 
0.562 
1.84 
0.303 
0.462 
0.530 
2.16 

4.25 
15.6 
21.2 
70.5 

0.478 
0.413 
0.561 
1.87 
0.342 
0.373 
0.529 
2.19 

4.31 
13.0 
20.8 
20.0 

0.486 
0.340 
0.545 
1.83 
0.348 
0.303 
0.514 
2.15 

Table III. Selectivity Terms for Trace Na +, Co2+, Cd2 +, and 
Ca2 + Exchange with Strontium Form Ion-Exchange Resin in 
0.1000 m Strontium Perchlorate 

KD Na + 

Co 2 + 

Cd2 + 

Ca2 + 

# E X Na + 

Co 2 + 

Cd2+ 
Ca2 + 

KA0 Na + 

Co 2 + 

Cd2 + 

Ca2 + 

1 

2.78 
8.04 
8.51 

10.0 
0.544 
0.566 
0.599 
0.704 
0.331 
0.492 
0.481 
0.603 

2 

2.97 
8.58 
9.70 

11.5 
0.502 
0.488 
0.552 
0.654 
0.305 
0.369 
0.443 
0.560 

4 

3.76 
10.9 
12.4 
16.1 
0.609 
0.469 
0.534 
0.693 
0.371 
0.355 
0.429 
0.594 

8 

4.26 
6.3 

14.1 
19.5 
0.567 
0.197 
0.440 
0.609 
0.345 
0.149 
0.353 
0.522 

12 

5.14 
2.9 
0.93 

23.9 
0.643 
0.071 
0.02 
0.581 
0.391 
0.05 
0.02 
0.498 

16 

5.58 
2.6 
1.3 

26.3 
0.708 
0.059 
0.03 
0.598 
0.431 
0.04 
0.02 
0.512 

form ion-exchange resins. The mean molal activity 
coefficients for the simple salts have been taken from the 
literature.2425 

The modified selectivity coefficient has been expressed 
as a function of the activity coefficients of the exchang­
ing ions in the resin phase and the pressure-volume 
work of the exchange reaction by dividing both sides of 

(24) Z. Libus and T. Sadowska, /. Phys. Chem., 73, 3229 (1969). 
(25) R. A. Robinson and R. H. Stokes, "Electrolyte Solutions," 

2nd ed, Butterworths, London, 1965, Appendix 8.10, Table 10, p 492, 
and Table 13, pp 497-500. 

Table IV. Selectivity Terms for Trace Na+, Co2+, Cd2+, and 
Sr2+ Exchange with Zinc Form Ion-Exchange Resin in 0.1000 m 
Zinc Perchlorate 

KD Na + 

Co 2 + 

Cd2 + 

Sr2+ 

XEX Na + 

Co 2 + 

Cd2 + 

Sr2+ 

ATAC Na + 

Co 2 + 

Cd 2 + 

Sr2+ 

1 

1.35 
12.1 
10.3 
28.4 

0.18 
1.20 
1.03 
2.83 
0.499 
1.13 
1.03 
3.52 

2 

3.13 
14.8 
15.6 
41.3 

0.714 
1.08 
1.14 
3.01 
0.542 
1.02 
1.14 
3.75 

4 

3.59 
21.1 
22.2 
67.6 
0.676 
1.11 
1.16 
3.59 
0.513 
1.05 
1.16 
4.41 

8 

5.66 
28.8 
36.7 

125.0 
1.24 
1.11 
1.42 
4.85 
0.941 
1.05 
1.42 
6.04 

12 

7.65 
36.3 
58.2 

230.0 
1.81 
1.13 
1.80 
7.13 
1.37 
1.07 
1.80 
8.87 

16 

9.20 
36.5 
74.7 

371.0 
2.53 
1.09 
2.24 

11.1 
1.92 
1.03 
2.24 

13.8 

Table V. Selectivity Terms for Trace Na+, Co2+, Ca2+, and Sr2+ 

Exchange with Cadmium Form Ion-Exchange Resin in 0.1000 m 
Cadmium Perchlorate 

KD Na + 

Co2 + 

Ca2 + 

Sr2+ 

KEX Na + 

Co 2 + 

Ca2 + 

Sr2+ 

KAC Na + 

Co 2 + 

Ca2 + 

Sr2+ 

1 

2.25 
9.52 

12.1 
21.9 

0.494 
0.930 
1.18 
2.14 
0.375 
0.878 
1.25 
2.66 

2 

2.31 
12.8 
17.6 
33.5 
0.383 
0.920 
1.26 
2.41 
0.291 
0.868 
1.37 
3.00 

% DVB 
4 

3.13 
17.0 
26.1 
55.3 
0.514 
0.893 
1.37 
2.91 
0.390 
0.843 
1.45 
3.62 

8 

3.76 
21.1 
42.4 
89.6 
0.497 
0.742 
1.49 
3.15 
0.377 
0.700 
1.58 
3.92 

12 

4.65 
23.0 
62.4 

132.0 
0.653 
0.695 
1.88 
3.99 
0.496 
0.656 
1.99 
4.96 

v 

16 

6.90 
21.6 
74.6 

178.0 
0.896 
0.406 
1.40 
3.35 
0.680 
0.383 
1.48 
4.17 

eq 2 by the mean molal activity coefficient ratio term 
for the two salts in the aqueous phase. Evaluation of 
72/71 and 7r(AK) permitted computation of ATAc for 
comparison with the experimentally determined values. 
The pressure-volume work contribution to the ob­
served modified selectivity was calculated from esti­
mates of the resin-phase swelling pressure (ir) and the 
partial molal volume difference of the exchanging ions 
in the resin phase (AK). Resin-phase swelling pres­
sures were calculated from the osmotic coefficient data 
for the polystyrenesulfonate salts.15 Partial molal 
volumes of the ions in the resin phase were taken as the 
partial molal volumes of the ions in aqueous solution at 
infinite dilution.26 In most instances the calculated 
pressure-volume work of the exchange reaction made 
only a slight contribution to the calculated modified 
ion-exchange selectivity. 

Resin-phase activity coefficients for the exchanging 
ions were determined by integration of the Gibbs-
Duhem equation (eq 8) employing osmotic coefficients 
of polystyrenesulfonate salts from a reference concen­
tration of 0.01 mw to the concentration of the resin 
phase. The integration was performed graphically 
using a polar planimeter. This integration gives, 
im/jm„i, the resin-phase activity coefficient at the 
concentration of the ion-exchanger divided by the ac­
tivity coefficient at the reference concentration. To 
use this result for the selectivity calculation it is neces­
sary to determine the reference state activity coefficient 

(26) P. Mukerjee, /. Phys. Chem., 65, 740 (1961). 
(27) A reference concentration of 0.02 m was used for the NaPSS. 
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Table VI. Computation of the Modified Selectivity Coefficient for Trace Divalent Ion Exchange with Calcium Form 
Ion Exchange Resin in 0.1000 m Calcium Perchlorate 

#AC = (?C.«+/7T)eXp(- TT[V1 - PoH/tfD 

% 
DVB 

1 

2 

4 

8 

12 

16 

Resin 
molality 

1.196 

1.581 

2.201 

3.053 

3.77 

3.81 

Trace 
ion 

M2 + 

Co2 + 

Cd2 + 

Sr2+ 

Co 2 + 

Cd2+ 

Sr2+ 

Co 2 + 

Cd2 + 

Sr2+ 

Co 2 + 

Cd2+ 

Sr2+ 

Co 2 + 

Cd2 + 

Sr2+ 

Co 2 + 

Cd2+ 

Sr2+ 

fCa/fOare( 

• ? M ! + / f M 2 \ e f 

0.72 
0.81 
1.21 
0.58 
0.69 
1.29 
0.41 
0.56 
1.52 
0.19 
0.40 
1.94 
0.10 
0.29 
2.20 
0.10 
0.31 
2.38 

T . 
atm 

10.6 
10.6 
10.6 
20.9 
20.9 
20.9 
48.1 
48.1 
48.1 

106.0 
106.0 
106.0 
164.0 
164.0 
164.0 
167.5 
167.5 
167.5 

AV, 
ml 

- 6 . 9 
- 2 . 9 
- 0 . 5 
- 6 . 9 
- 2 . 9 
- 0 . 5 
- 6 . 9 
- 2 . 9 
- 0 . 5 
- 6 . 9 
- 2 . 9 
- 0 . 5 
- 6 . 9 
- 2 . 9 
- 0 . 5 
- 6 . 9 
- 2 . 9 
- 0 . 5 

e-TAV/RT 

1.00 
1.00 
1.00 
1.01 
1.00 
1.00 
1.01 
1.01 
1.00 
1.03 
1.01 
1.00 
1.05 
1.02 
1.00 
1.05 
1.02 
1.00 

KAC 
(calcd) 

0.72 
0.81 
1.21 
0.58 
0.69 
1.29 
0.41 
0.56 
1.52 
0.20 
0.41 
1.94 
0.10 
0.30 
2.20 
0.11 
0.31 
2.38 

^AC 
(obsd)" 

0.668 
0.72 
1.83 ( ± 3 . 5 ) 
0.636 (±2 .5 ) 
0.687 
2.09 
0.557 ( ± 6 . 5 ) 
0.586 [±3 .7 ) 
2.02 
0.462 (±8 ) 
0.530 
2.16 (±5 ) 
0.373 
0.529 
2.19 ( ± 3 . 5 ) 
0.303 
0.514 
2.15 

0 Discrepancy between duplicate measurements was within ±2% of the averaged value except where noted. 

Table VII. Computation of the Modified Selectivity Coefficient for Trace Divalent Ion Exchange with Strontium Form 
Ion Exchange Resin in 0.1000 m Strontium Perchlorate 

KKc = (7Sr* VYT) exp(- TT[KT - Va1' *]lRT) 

% 
DVB 

1 

2 

4 

8 

12 

16 

Resin 
molality 

1.42 

1.76 

2.32 

3.20 

4.11 

4.40 

Trace 
ion M 2 + 

Co2 + 

Cd2+ 

Ca2 + 

Co 2 + 

Cd2 + 

Ca2 + 

Co 2 + 

Cd2 + 

Ca2 + 

Co 2 + 

Cd2 + 

Ca2 + 

Co 2 + 

Cd2 + 

Ca2+ 

Co 2 + 

Cd2 + 

Ca2 + 

-WfSrref 
7M'+/7M2*r.f 

0.52 
0.57 
0.79 
0.39 
0.48 
0.75 
0.24 
0.34 
0.63 
0.083 
0.19 
0.50 
0.040 
0.11 
0.43 

0.11 
0.42 

" • > 

atm 

11.15 
11.15 
11.15 
20.1 
20.1 
20.1 
40.5 
40.5 
40.5 
86.0 
86.0 
86.0 

150.0 
150.0 
150.0 
175.0 
175.0 
175.0 

AV, 
ml 

- 6 . 4 
- 2 . 4 
+ 0 . 5 
- 6 . 4 
- 2 . 4 
+ 0 . 5 
- 6 . 4 
- 2 . 4 
+ 0 . 5 
- 6 . 4 
- 2 . 4 
+ 0 . 5 
- 6 . 4 
- 2 . 4 
+ 0 . 5 
- 6 . 4 
- 2 . 4 
+ 0 . 5 

e-TAV/RT 

1.00 
1.00 
1.00 
1.01 
1.00 
1.00 
1.01 
1.00 
1.00 
1.02 
1.01 
1.00 
1.04 
1.01 
1.00 
1.05 
1.02 
1.00 

KAC (calcd) 

0.52 
0.57 
0.79 
0.40 
0.48 
0.75 
0.24 
0.34 
0.63 
0.083 
0.19 
0.50 
0.041 
0.11 
0.43 

0.11 
0.42 

KAC (obsd)« 

0.429 
0.481 
0.603 
0.369 
0.443 (±3 ) 
0.560 
0.355 
0.40 (±25) 
0.594 ( ± 2 . 5 ) 
0.20 (±27) 
0.353 
0.522 
0.10 (±50) 
0.018 ( ± 2 . 3 ) 
0.498 
0.045 (±7) 
0.024 (±5) 
0.512 

° Discrepancy between duplicate measurements was within ±2% of the averaged value except where noted. 

ratio. The reference state activity coefficient ratio for 
the exchanging ions can be obtained from the activity 
coefficient ratio calculated using the Gibbs-Duhem 
equation and the experimental ion-exchange selec­
tivity determined for a 1% cross-linked ion-exchange 
resin. In practice it is found that for the reference con­
centration employed in this study the reference state 
activity coefficient ratio for the exchanging pair of 
divalent ions is very close to unity and it was possible 
to predict selectivity without resort to this normaliza­
tion procedure. Only in the case of unsymmetrical 
ion exchange19 was it necessary to compute the refer­
ence state activity coefficient ratio. 

Tables VI-IX show the calculated resin-phase ac­
tivity coefficient ratios, the osmotic free energy of the 
exchange reaction, and modified selectivity coefficients 
for the exchange of divalent ion at tracer-level concen­
trations with ion-exchange resins in the calcium-, 

strontium-, zinc-, and cadmium-ion forms. Table X 
provides similar information for the exchange of Na 
ion at tracer-level concentration with these divalent 
ion-exchange resin forms. The reference state ac­
tivity coefficient ratios for trace sodium-ion exchange 
with calcium, strontium, zinc, and cadmium are an 
additional entry in Table X. 

Error limits of the resin-phase activity coefficient 
ratios are determined by the uncertainties in the poly-
styrenesulfonate osmotic coefficients employed for the 
integration of the Gibbs-Duhem equation. The poly-
styrenesulfonate osmotic coefficient at the reference 
concentration has a maximum uncertainty of 10% for 
divalent polystyrenesulfonates while, in general, the 
uncertainty of the osmotic data is 3 %. These error 
limits indicate that the calculated resin-phase activity 
coefficient ratios have a maximum uncertainty of 10%. 
The precision of the experimentally determined modi-
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Table VIII. Computation of the Modified Selectivity Coefficient for Trace Divalent Ion Exchange with Zinc Form 
Ion-Exchange Resin in 0.1000 m Zinc Perchlorate 

KAC = (7Zn/7T)eXP(-T[FT - V2n'+]/RT) 

% 
DVB 

1 

2 

4 

8 

12 

16 

Resin 
molality 

1.003 

1.37 

1.911 

2.581 

3.23 

3.35 

Trace 
ion M2+ 

Sr8+ 

Cd2+ 

Co2+ 

Sr2+ 

Cd2+ 

Co2+ 

Sr2+ 

Cd2+ 

Co2+ 

Sr2+ 

Cd2+ 

Co2+ 

Sr2+ 

Cd2+ 

Co2+ 

Sr2+ 

Cd2+ 

Co2+ 

TWfZnr.f 

7M»+/TM«+ref 

1.44 
1.07 
1.00 
1.82 
1.16 
1.00 
2.71 
1.26 
1.00 
6.06 
1.75 
1.00 

12.4 
2.30 
1.00 

14.4 
2.45 
1.00 

*", 
atm 

10.6 
10.6 
10.6 
24.3 
24.3 
24.3 
56.5 
56.5 
56.5 

114.0 
114.0 
114.0 
208.0 
208.0 
208.0 
275.0 
275.0 
275.0 

AV, 
ml 

+3.9 
+ 1.5 
- 2 . 5 
+ 3.9 
+ 1.5 
- 2 . 5 
+3.9 
+ 1.5 
- 2 . 5 
+3.9 
+ 1.5 
- 2 . 5 
+ 3.9 
+ 1.5 
- 2 . 5 
+3.9 
+ 1.5 
- 2 . 5 

e-x&V/RT 

1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
0.99 
1.00 
1.00 
0.98 
1.00 
1.01 
0.97 
0.99 
1.02 
0.96 
0.98 
1.03 

KAC (calcd) 

1.44 
1.07 
1.00 
1.82 
1.16 
1.00 
2.68 
1.26 
1.00 
5.94 
1.75 
1.01 

12.0 
2.28 
1.02 

13.8 
2.40 
1.03 

ATAO (obsd)" 

3.52 
1.03 (±9) 
1.13 (±3.5) 
3.75 
1.14 
1.02 
4.41 
1.16 (±6.7) 
1.01 
6.04 
1.42 
1.05 
8.82 
1.80 
1.07 

13,8 (±6) 
2.24 
1.03 

° Discrepancy between duplicate measurements was within ±2% of averaged value except where noted. 

fied selectivity coefficient is better than 2% except 
where noted in the tables. 

The calculated and the observed modified selectivi­
ties, for divalent-divalent exchange (columns 8 and 9 
of Tables VI-IX), are in reasonable agreement. In­
deed a sizable fraction of the calculated ion-exchange 
selectivity coefficients are identical with the observed 
values within experimental error. The calculated 
selectivity trend with increased cross linking is, how­
ever, exaggerated. In those instances where good 
agreement between experiment and computation is ob­
tained at low cross linking, the computed value is 
usually lower than the experimental value in the higher 
cross-linking situations. Where the computed selec­
tivity coefficient value is significantly lower than the 
experimental value at the lower cross linking, there is 
usually good agreement between prediction and ob­
servation at the highest cross linkings. This divergent 
trend between computation and experiment, clearly 
demonstrated by representative data selected for this 
purpose (Figure 1), is essentially similar to that ob­
served in our earlier study of hydrogen-ion exchange 
with trace amounts of divalent ion,19 except that the 
normalization procedure used to facilitate correlative 
analysis of the unsymmetrical exchange system (2H+, 
M2+ and 2Na+, M2+) was unnecessary. 

The correlation between the computed and experi­
mentally observed KAC values for the Na+-M(Il) sys­
tems (Table X) is significantly poorer than that obtained 
with the divalent-divalent ion exchange and the pre­
viously examined H+-M(II) ion-exchange systems.19 

For these exchanges the calculated modified selectivity 
coefficients, while still exhibiting the same characteris­
tic trends as the experimental values, diverge much 
more rapidly from the experimental values as the cross 
linking of the resin becomes larger. 

Discussion 

Osmotic coefficient values of the trace ion selected 
for employment in the Gibbs-Duhem equation were 
those for this ion form of the polyelectrolyte at a con­
centration equal to the macroion concentration in the 

resin during an exchange experiment. Use of this ap­
proach assumes that the osmotic properties of the trace 
ion form of the polyelectrolyte are undisturbed by the 

6.0 

5.0 

4.0 

3.0 

2.0 

1.0 
.Cdj^OriEXP 

Cd-Co7ICALC' 

1.0 2.0 
RESIN MOLALITY 

3.0 

Figure 1. Comparison of calculated (calc) and experimental 
(exp) modified selectivity coefficients for trace calcium, strontium, 
and cobalt exchanges on cadmium form ion-exchange resin. 

presence of the other ion. Differences between calcu­
lated and experimental ion-exchange selectivities may 

Reddy, Amdur, Marinsky j Thermodynamic Measurements of Polyelectrolyte Solutions 



4092 

Table IX. Computation of the Modified Selectivity Coefficient for Trace Divalent Ion Exchange with Cadmium Form 
Ion-Exchange Resin in 0.1000 m Cadmium Perchlorate 

*AC = (?cd»+/7T)exp(-T[KT - Va*+VRT) 

% 
DVB 

1 

2 

4 

8 

12 

16 

Resin 
molality 

1.02 

1.39 

1.90 

2.84 

3.31 

3.50 

Trace 
ion M 2 + 

Co 8 + 

Ca2 + 

Sr2+ 

Co 2 + 

Ca2+ 
Sr2+ 

Co 2 + 

Ca2+ 

Sr2+ 

Co 2 + 

Ca2+ 

Sr2+ 

Co2 + 

Ca2+ 
Sr2+ 

Co 2 + 

Ca2+ 
Sr2+ 

fCd/^Cdref 

7u'*lltl'*T« 

0.91 
1.13 
1.31 
0.87 
1.34 
1.68 
0.79 
1.63 
2.26 
0.54 
2.22 
4.08 
0.42 
2.74 
5.65 
0.35 
2.77 
5.97 

T> 
atm 

9.55 
9.55 
9.55 

21.6 
21.6 
21.6 
45.4 
45.4 
45.4 

118.0 
118.0 
118.0 
167.0 
167.0 
167.0 
189.4 
189.4 
189.4 

AK, 
ml 

- 4 . 0 
+ 2 . 9 
+ 2 . 4 
- 4 . 0 
+ 2 . 9 
+ 2 . 4 
- 4 . 0 
+ 2 . 9 
+ 2 . 4 
- 4 . 0 
+ 2 . 9 
+ 2 . 4 
- 4 . 0 
+ 2 . 9 
+ 2 . 4 
- 4 . 0 
+ 2 . 9 
+ 2 . 4 

e-T&V/RT 

1.00 
1.00 
1.00 
1.00 
0.99 
0.99 
1.01 
0.99 
0.99 
1.02 
0.98 
0.98 
1.03 
0.98 
0.98 
1.03 
0.98 
0.98 

KKC (calcd) 

0.91 
1.13 
1.31 
0.87 
1.34 
1.68 
0.80 
1.62 
2.25 
0.55 
2.20 
4.03 
0.43 
2.69 
5.56 
0.36 
2.71 
5.86 

#AC (obsd)« 

0.878 
1.25 
2.66 
0.868 
1.37 
3.00 
0.843 
1.45 
3 . 6 2 ( ± 2 . 5 ) 
0.700 
1.58 
3.92 
0.654 
1.99 
4.98 
0.582 (±7 ) 
2.28 
6.34 

" Discrepancy between duplicate measurements was within ±2% of the averaged value except where noted. 

Table X. Computation of the Modified Selectivity Coefficient for Trace Sodium Ion Exchange with Various Divalent Ion Form 
Ion-Exchange Resins in 0.1000 m Divalent Perchlorate 

KKC = (7M/7N»2)exp(-T[2KNa - Vm]IRT) 

% 
DVB 

1 

2 

4 

8 

12 

16 

Resin 
molality 

1.00 
1.02 
1.20 
1.42 
1.37 
1.39 
1.57 
1.76 
1.91 
1.90 
2.20 
2.32 
2.58 
2.84 
3.05 
3.20 
3.23 
3.31 
3.77 
4.11 
3.35 
3.50 
3.81 
4.40 

Divalent 
resin 
form 

Zn2+ 
Cd2+ 
Ca2 + 

Sr2+ 

Zn2 + 

Cd2 + 

Ca2 + 

Sr2+ 

Zn2+ 
Cd2 + 

Ca2+ 
Sr2+ 

Zn2+ 
Cd2 + 

Ca2+ 
Sr2+ 
Zn2 + 

Cd2 + 

Ca2+ 
Sr2+ 
Zn2+ 
Cd2+ 
Ca2+ 
Sr2+ 

7 M ' + / ? M 2 + r . f 

C f N a + / 7 N a + , . ) 2 

6.20 
5.73 
5.32 
4.61 
8.65 
7.73 
6.18 
5.11 

15.5 
12.1 
9.16 
6.20 

42.2 
31.1 
15.5 
8.3 

102.0 
47.0 
27.5 
14.9 

120.0 
50.8 
27.8 
14.6 

7M>+„f 

7Nar.f2 

0.0811 
0.0659 
0.0665 
0.0723 
0.0811 
0.0659 
0.0665 
0.0723 
0.0811 
0.0659 
0.0665 
0.0723 
0.0811 
0.0659 
0.0665 
0.0723 
0.0811 
0.0659 
0.0665 
0.0723 
0.0811 
0.0659 
0.0665 
0.0723 

7T, atm 

10.6 
9.55 

10.6 
11.15 
24.3 
21.6 
20.9 
20.1 
56.5 
45.4 
48.1 
40.5 

114.0 
118.0 
106.0 
86.0 

208.0 
167.0 
164.0 
150.0 
275.0 
189.4 
167.5 
175.0 

AV, ml 

+ 19.1 
+ 17.6 
+ 14.7 
+ 15.2 
+ 19.1 
+ 17.6 
+ 14.7 
+ 15.2 
+ 19.1 
+ 17.6 
+ 14.7 
+ 15.2 
+ 19.1 
+ 17.6 
+ 14.7 
+ 15.2 
+ 19.1 
+ 17.6 
+ 14.7 
+ 15.2 
+ 19.1 
+ 17.6 
+ 14.7 
+ 15.2 

e-*AV/RT 

0.992 
0.993 
0.994 
0.993 
0.981 
0.985 
0.988 
0.988 
0.958 
0.968 
0.971 
0.975 
0.914 
0.919 
0.938 
0.948 
0.85 
0.887 
0.906 
0.911 
0.807 
0.869 
0.904 
0.897 

KAC (calcd) 

0.499 
0.375 
0.352 
0.331 
0.73 
0.50 
0.45 
0.37 
1.29 
0.78 
0.66 
0.45 
2.78 
1.84 
1.02 
0.57 
7.04 
2.74 
1.48 
0.69 
8.18 
3.19 
1.49 
0.66 

XAC (obsd)" 

0.499 ( ± 3 . 7 ) 
0.375 
0.352 
0.331 ( ± 2 . 9 ) 
0.54 
0.291 ( ± 3 . 9 ) 
0.345 
0.305 
0.54 ( ± 8 . 0 ) 
0.390 ( ± 5 . 4 ) 
0.304 
0.371 
0.94 
0.377 ( ± 3 . 4 ) 
0.303 ( ± 5 . 5 ) 
0.345 
1.37 
0.496 (±3 .2 ) 
0.342 
0.391 ( ± 3 . 0 ) 
1 .92(±6 .5) 
0.680 ( ± 4 . 0 ) 
0.348 
0.431 

° Discrepancy between duplicate measurements was within ±2% of averaged value except where noted. 

be due to neglect of changes in the osmotic properties 
of the trace ion going from the pure salt form to the 
trace-ion form, at a fixed total polyelectrolyte concen­
tration. The discrepancy between calculated and 
experimental ion-exchange selectivities is not large 
(with the exception of the M2+-Na+T system) suggest­
ing that neglect of interaction effects on the osmotic 
properties of the trace ion is a useful approximation. 

The sizable and rapidly increasing divergence be­
tween predicted and experimental modified selectivity 
coefficients with resin cross linking that was obtained 
for the M2+-Na+T systems is a surprising result. In our 
earlier research of the analogous unsymmetrical ion-

exchange reaction between resin in the univalent hydro­
gen-ion form and various divalent ions at tracer-level 
concentrations predictions were in as good agreement 
with experiment19 as with the symmetrical divalent-
divalent ion-exchange system. Selectivity prediction 
for the M2+-Na+T exchange reaction as a consequence 
was expected to correlate with the experimental KAC 
values as well. 

A possible explanation to this apparent anomaly may 
come from the theoretical treatment of polyelectrolytes 
by Manning.28 He has shown that there is theoretical 

(28) G. S. Manning, /. Chem. Phys., 51, 924, 3249 (1969). 
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Table XI. Revised Computation of Modified Selectivity 
Coefficient for Trace Sodium Ion Exchange with Various 
Divalent Ion Forms of Ion-Exchange Resin in 0.1000 m 
Divalent Perchlorate 

Divalent 
resin form 

Zn2+ 
Cd2 + 

Ca2 + 

Sr2+ 

Zn 2 -
Cd2+ 
Ca2 + 

Sr2+ 

'Zn2+ 
Cd2+ 
Ca2+ 
Sr2+ 
Zn2+ 
Cd2+ 
Ca2+ 
Sr2+ 
Zn2+ 
Cd2+ 
Ca2+ 
Sr2+ 

Zn2+ 
Cd2+ 
Ca2+ 
Sr2+ 

•?M +2re( 

7(Na+ r r f ) 2 

6.69 
5.44 
6.11 
7.86 
6.69 
5.44 
6.11 
7.86 
6.69 
5.44 
6.11 
7.86 
6.69 
5.44 
6.11 
7.86 
6.69 
5.44 
6.11 
7.86 
6.69 
5.44 
6.11 
7.86 

•KAC 

(calcd) 

0.499 
0.375 
0.352 
0.331 
0.55 
0.39 
0.31 
0.29 
0.66 
0.43 
0.30 
0.27 
1.19 
0.64 
0.34 
0.23 
2.21 
0.84 
0.36 
0.20 
2.35 
0.87 
0.35 
0.18 

•KAC 

(obsd) 

0.499 
0.375 
0.352 
0.331 
0.54 
0.291 
0.345 
0.305 
0.51 
0.39 
0.304 
0.371 
0.94 
0.377 
0.303 
0.345 
1.37 
0.496 
0.342 
0.391 
1.92 
0.68 
0.348 
0.431 

justification for expecting "condensation" of counter-
ions on a polyion only until the charge density is re­
duced below a certain critical value. When a fully 
dissociated polyelectrolyte or cross-linked gel is essen­
tially in a divalent ion form, as in this phase of the 
research program that is discussed here, its charge 
density is lower than this critical limiting value for 
"condensation" of trace univalent ion and no ion bind­
ing of the univalent ion by the polyion matrix can be 
expected to occur. In his treatment the uncondensed 
mobile ions are treated in the Debye-Huckel approxi­
mation and the predicted mean molal activity coef­
ficient reflects a combination of this binding and the 
effect of Debye-Hiickel interactions on the "uncon­
densed" counterions. 

To examine this possibility we have used Manning's 
"limiting law" expression to evaluate the osmotic 
coefficient of the trace univalent ion when the charge 
density, e2jekTb (£) (where e is the charge of the proton, 
e is the macroscopic dielectric constant of water, b 
is the distance between neighboring charged groups of 
the polyion, and kT has its characteristic meaning), is 
equal to 7s as a consequence of the saturation con­
densation of divalent ions in the ion-exchange systems 
studied. With this analysis 0P = 1 — 1 ^ = 0-75. 
By presuming that the "uncondensed" univalent ions 
will behave in the same way as the fraction of "uncon­

densed" ions in the pure univalent ion form of the poly­
electrolyte, the osmotic coefficient vs. molality plot 
for the sodium polystyrenesulfonate has been modified 
by increasing each experimental value by the differ­
ence between the "limiting law" <pp and the <f>p value of 
<~0.24 that is obtained when the experimental <f>p values 
are extrapolated to zero concentration. 

By using this synthesized osmotic coefficient plot to 
compute with the Gibbs-Duhem equation the activity 
coefficient ratio, (7N»)m/(7Na)r, for modified selec­
tivity predictions satisfactory correlation between pre­
diction and experiment is once again obtained. This 
result is summarized in Table XI. 

Calculated and experimental ion-exchange selectivi-
ties of the H+-M2+T systems are in good agreement. 
This result is an apparent contradiction to predictions 
based on the "condensation" model. When H+ ions 
are present in macro quantities a charge density limita­
tion should be reached which effectively should pre­
vent further "condensation" of H+ ions. This limiting 
charge density is not low enough, however, to prevent 
"condensation" of divalent ions. The success of the 
simple approach in the H+-M2+T systems may be a 
consequence of screening of the potential field at the 
surface of the polyion by the hydrogen ion (macro 
concentration). 

This screening lowers the effective charge density 
on the polyion to a point where the divalent ion is not 
completely "condensed" as predicted by Manning's 
treatment. Thus, osmotic coefficient values employed 
in the Gibbs-Duhem integration should be nearly equal 
to the values for the pure divalent form of the poly­
electrolyte. Shielding by the macro concentration of 
divalent ion in the M2+-Na+T system would only tend 
to slightly increase the estimate of the sodium poly­
styrenesulfonate osmotic coefficient used to calculate 
the selectivities shown in Table XI. 

With attainment of the previously listed objectives 
of this research program, it has been shown that the 
linear polyelectrolyte analog of a cross-linked ion-
exchange gel will serve as a useful model of the ion-
exchange resin itself. The thermodynamic approach 
that has been employed suffers inaccuracy only from 
the inability to assess the effect of the presence of one 
counterion on the colligative properties of the other. 
Even in the absence of such information the predictive 
quality of the Gibbs-Donnan model of ion exchange 
that is employed is seriously impaired only when the 
potential determining ion reduces the charge density 
at the surface of the polyion below the limiting "con­
densation" value of the exchanging counterion. 
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